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September 8, 2014

2.2 Second Derivatives, Concavity, and Graphs

In the previous section, we discussed how our derivatives can be used to
obtain useful information about graphs of functions. In particular, we men-
tioned that one of the things we are particularly interested in for graphing
purposes (as well as other purposes) is the existence and location of rela-
tive extrema for functions. Now, we would like to introduce another concept
which will be used to construct graphs of functions. To motivate this concept,
consider the following graph.

In this graph, we have plotted the function y = x2 along with tangent lines
at x = 1 and x = −1. The thing you should observe is that the tangent
line at x = −1 has a negative slope, while the tangent line at x = 1 has a
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positive slope. In fact, you can check that the slopes are gradually increasing
as you progress from x = −1 to x = 1. The further to the right you go, the
more the slopes increase. But recall that the slope at a point on a function
is given by its derivative. Thus, this is the same as saying that the derivative
is increasing as we go from left to right. The way in which the derivative of a
function changes is called its concavity. This is important for our purposes,
so we give it a detailed definition.

Definition 1. Suppose that f is differentiable on some interval. Then we
say that f is concave up if its derivative f ′ is increasing on the interval. We
say that f is concave down if its derivative f ′ is decreasing on the interval.

In the example we looked at above, the function is concave up, since from
the picture you can see that the slopes increase from negative to positive.
Similarly, you can see that the following graph is concave down.

As we go from left to right, we see that the tangent lines have slopes which
decrease from positive to negative.

Concavity is an important aspect of a graph. Because of this, it is im-
portant to be able to know quickly and efficiently if a function is concave up.
To do this, we have the following convenient test.

Theorem 1. (Test for Concavity) Assume that f has two derivatives on
some interval. Then:
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• If f ′′(x) > 0 on an interval I, then the graph of f is concave up.

• If f ′′(x) < 0 on an interval I, then the graph of f is concave down.

One difficulty that many people have with the concept of concavity is that
it is completely independent of whether a function is increasing or decreasing.
For example, it is possible for a function to be increasing, yet concave down:

Or, decreasing, yet concave up:
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in addition to the more obvious combinations, such as concave up and in-
creasing:

or concave down and decreasing:

Now that we understand concavity, we can apply it to the study of relative
extrema. Previously we stated that relative maximum and minimum points
will occur at critical points. To determine which, if any, a critical point is, we
can use the First Derivative Test, which we stated last time. The annoying
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thing about this is that it involved performing at least three computations
for each point. First, you had to determine what the critical points are, and
then you have to use test points to the left and to the right and compute the
derivative at each of those points. By using concavity, we can simplify this
procedure quite a bit. This is the content of the following theorem.

Theorem 2. (The Second Derivative Test) Suppose that f is differentiable
in an interval, and that c is number in the interval such that f ′(c) = 0. Then:

1. f(c) is a relative minimum if f ′′(c) > 0.

2. f(c) is a relative maximum if f ′′(c) < 0.

It should be noted that there is nothing preventing a function from being
both concave up and down. For example, in the following graph, the function
is concave up for some values of x, and concave down for others.

The points where it switches from one to the other are important, and so we
give them a name.

Definition 2. Let f be a function. If f changes from being concave up to
concave down (or vice versa) at x = c, then we call c an inflection point.

The behavior of inflection points is analogous to that of critical points,
as we see in the following theorem.
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Theorem 3. If a function f has a point of inflection at x = c, then either
f ′′(c) = 0 or f ′′(c) does not exist.

The converse of this is not true! That is, if f ′′(c) = 0, or if f ′′(c)
does not exist, it is not necessarily true that c is a point of inflection.

Curve Sketching

We now have all the tools necessary to start sketching graphs of functions.
Putting together everything we have learned so far, we will follow the follow-
ing procedure for sketching graphs for a function f(x):

1. Find the first and second derivatives of f(x). Make a note of the domain
of f(x).

2. Find the critical points c for f(x). Compute f(c) for each critical point.

3. Use the second derivative test on each critical point to determine if it
is a maximum or minimum. Use f ′(x) to determine where the function
is increasing or decreasing.

4. Find all inflection points d for f(x). Compute f(d) for every inflection
point.

5. Determine where the function is concave up and concave down. Use
test points between each inflection point to determine concavity.

6. Use the information from the previous steps to make a graph.

Example 1. Graph the function f(x) = x3 − 3x + 2.

Solution: We will follow the procedure outlined above. We begin by
noting that since f(x) is a polynomial, its domain is R. Next, we differentiate:

f ′(x) = 3x2 − 3

f ′′(x) = 6x

The next step is to find the critical points using f ′(x). First, we note that
f ′(x) is also a polynomial, and so it is defined for all real x-values. Thus, we
can only have a critical point if

0 = f ′(x)

= 3x2 − 3

= 3(x2 − 1)

= 3(x− 1)(x + 1).
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From this, we see that we have critical points at x = ±1. Substituting these
into f gives us f(−1) = 4 and f(1) = 0.

For step (c), we must determine whether each critical point is a minimum
or a maximum. For this, we use the second derivative test. Substituting into
the second derivative, we see that f ′′(−1) = −6 < 0, and f ′′(1) = 6 > 0,
so by the second derivative test it follows that x = −1 is a maximum, and
x = 1 is a minimum.

Next comes step (d), which says that we must find inflection points.
Recall that by Theorem 3, inflection points can only occur where f ′′(x) =
6x = 0. So x = 0. Thus the only possible inflection point occurs is x = 0,
with f(0) = 2. To determine if it actually is an inflection point, we must
examine where f is concave up and down. Since we have a possible inflection
point at x = 0, it suffices to choose test points to the left and right of x = 0,
for example x = ±1. With these test points, we get f ′′(−1) = −6 and
f ′′(1) = 6. So for x < 0, f is concave down, and for x > 0, f is concave
up. Thus x = 0 is an inflection point. Putting all this together, we get the
following graph:

2.3 More Graphing, Limits Involving Infinity

The procedure we discussed in the previous section is sufficient for graphing
most types of functions. For one particular type of function, we need to
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introduce some new concepts for graphing. Consider the function

f(x) =
1

x
.

We know this function is undefined at x = 0, but suppose we try to compute

lim
x→0+

1

x
.

We know we can’t simply substitute x = 0, so we do it the long way, substi-
tuting smaller and smaller negative numbers. We obtain the following table
of values.

x f(x)

1 1
1/10 10
1/100 100
1/1000 1000
1/10000 10000

Looking at the values of f(x), we see that they become larger and larger.
As x gets closer and closer to 0, f(x) gets larger and larger. The important
thing to note here is that I can make f(x) as big as I want by just choosing
a value of x that’s close enough to 0. When this situation happens, we use
the following notation.

lim
x→0+

1

x
= +∞.

The definition for −∞ is analogous. Remember that “∞” is not a number; it
just a symbol used to denote a quantity which can be made arbitrarily large.

Looking at the graph of this function can be very useful to illustrate what
is going on here. If we graph the function only for x > 0, you should obtain
the following graph:
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Graphically, the statement

lim
x→0+

1

x
= +∞.

means that the graph of your function starts going up very steeply as we
get closer and closer to that undefined point. This situation is important for
various reasons, and so we will pay some attention to it. We start with the
following definition.

Definition 3. The line x = a is called a vertical asymptote is any of the
following statements is true:

lim
x→a+

f(x) = +∞, lim
x→a+

f(x) = −∞, lim
x→a−

f(x) = +∞, lim
x→a−

f(x) = −∞.

One situation where vertical asymptotes appear is with rational functions.
For such functions, vertical asymptotes appear where the denominator is
undefined. In this case, the graph of the function will never cross the line
x = a.

Another situation that is important for various reasons is if we consider
larger and larger x-values to substitute into our function. Going back to
f(x) = 1/x, suppose we substitute the following numbers into f(x).
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x f(x)

1 1
10 1/10
100 1/100
1000 1/1000
10000 1/10000

The thing we want to observe here is that the value of the function gets
smaller and smaller as x gets bigger. In fact, you could make f(x) as small
as you want by just choosing a large enough x-value to use. To denote this,
we use the following notation.

lim
x→+∞

1

x
= 0.

Again, the definition in the case −∞ is analogous. These situations come
up frequently in applications, and so it is worthwhile to give them a proper
name.

Definition 4. The line y = b is called a horizontal asymptote if either of the
following statements is true.

lim
x→+∞

f(x) = b, lim
x→−∞

f(x) = b.

In the case of horizontal asymptotes, we have the following shortcut in com-
puting them.

Theorem 4. If a > 0, then

lim
x→±∞

1

xa
= 0.

Now that we have introduced asymptotes, we would like include them as
part of the characteristics that we illustrate in our graphs. Thus, we add the
following step to the procedure from the previous part of the lecture.

1. Find the first and second derivatives of f(x). Make a note of the domain
of f(x).

2. Find the vertical and horizontal asymptotes of f(x), if any
exist.
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3. Find the critical points c for f(x). Compute f(c) for each critical point.

4. Use the second derivative test on each critical point to determine if it
is a maximum or minimum. Use f ′(x) to determine where the function
is increasing or decreasing.

5. Find all inflection points d for f(x). Compute f(d) for every inflection
point.

6. Determine where the function is concave up and concave down. Use
test points between each inflection point to determine concavity.

7. Use the information from the previous steps to make a graph.

Example 2. Draw the graph of

f(x) =
x− 1

x + 1
.

Be sure to note where the function is increasing and decreasing, concave
up/down, and any vertical or horizontal asymptotes.

Solution: Starting with step 1, we note that the domain of f(x) is all real
numbers, except x = −1 (because the function is undefined there). Next, we
compute derivatives. We obtain the first derivative using the quotient rule:

f ′(x) =
(1)(x + 1)− (x− 1)(1)

(x + 1)2

=
2

(x + 1)2

To find the second derivative, we could use the quotient rule again. However,
I think in this case, it would be easier to use the chain rule. Note that f ′(x)
can be written as f ′(x) = 2(x + 1)−2. Using the chain rule, or the extended
power rule, we get

f ′′(x) = −4(x + 1)−3

= − 4

(x + 1)3
.

Next, we find the horizontal and vertical asymptotes. Recall we said
above that in rational functions, vertical asymptotes will appear where the
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function is undefined. But we said that this is the case at x = −1. So this is
our vertical asymptote. For the horizontal asymptote, we note that

lim
x→∞

x− 1

x + 1
= 1.

So, this is our horizontal asymptote.
The next step is to find critical points. Recall that the derivative is

f ′(x) =
2

(x + 1)2
.

To find the critical points, either f ′(x) = 0, or f ′(x) does not exist. Since
f ′(x) is a fraction, the only way it can be zero is if the numerator is zero.
But since 2 6= 0, this will not happen. So the only other choice is if f ′(x)
does not exist. This can happen at x = −1. So the only critical point is
x = −1. (Note that this is the same as the vertical asymptote.)

Next, we must determine where the function is increasing and decreasing.
To do this, we choose test points on either side of our critical point. For
simplicity, I choose x = −2 and x = 0. A simple computation will tell you
that f ′(−2) = +, and f ′(0) = +. So the function is always increasing.

For the next step, we must find all inflection points. For this, we consider
the second derivative. Recall that

f ′′(x) = − 4

(x + 1)3
.

As before, this cannot be zero because the numerator is never zero. So, we
must look at where the second derivative does not exits. As before, this
happens when the denominator is zero. That is, at x = −1. To determine
concavity, we choose test points; say, x = −2, and x = 0. You can check
that f ′′(−2) = + and f ′′(0) = −. Thus, it is concave up on (−∞,−1) and
concave down on (−1,∞).

Putting this information together, you should be able to get the following
graph.
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Note that the vertical line at x = 1 is just a limitation of the
graphing software, and is not part of the graph.
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