
Derivatives and Graphs of Functions

September 4, 2014

1.8 Higher-Order Derivatives

In previous lectures, we learned about derivatives, and how they relate to
rates of change. Right now, we want to focus on the fact that given a function
f(x), its derivative f ′(x) is also a function. With this fact in mind, we can
ask if a function’s derivative has a derivative of its own. The answer to this
question will turn out to be important in the next chapter, and so we give it
a name.

Definition 1. Let f(x) be differentiable, and let f ′(x) be its derivative. If
the limit

lim
h→0

f ′(x + h)− f ′(x)

h

exists, it is called the second derivative of f(x) and is denoted as f ′′(x).

It is worth noting that the formula for the second derivative is identical to
that of the first derivative. Thus, all the tricks we have learned before to find
the first derivative of a function can be used to find the second derivative,
assuming we know its first derivative.

Example 1. Let f(x) = x2. Find f ′′(x).

Solution: Starting with the first derivative, we get f ′(x) = 2x. If we just
apply the rules for derivatives again, we get f ′′(x) = 2.

We can keep going like this, and obtain the third derivative, and the
fourth derivative, and so on. The notation is a little funny, though. The
third derivative is denoted f ′′′(x), but starting with the fourth derivative, we
use the notation f (n)(x), where n is the order of the derivative.
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Example 2. Let f(x) = 4x3 + 3x2 − 2x− 1. Find f (4)(x).

Solution: Starting with the first derivative, we get f ′(x) = 12x2 + 6x − 2.
If we just apply the rules for derivatives again, we get f ′′(x) = 24x + 6.
Repeating this another time gives us f ′′′(x) = 24, from which we finally
compute f (4)(x) = 0.

Derivatives and Motion

In previous lectures, we saw that there is a relationship between an objects
position and its velocity. For example, if we represent its position at time t
by the function d(t), we saw that its velocity v(t) is given by the derivative
of d. That is, v(t) = d′(t). We can now ask if there is any significance to
the derivative of the velocity. Recall that derivatives represent how much a
quantity changes. Thus, the derivative of the velocity is the change in the
velocity. But we have a name for the change in the velocity: acceleration.
Thus, d′′(t) = a(t).

2.1 First Derivatives, Extreme Points, and Graphs

Earlier in the semester, we discussed the concepts of secant lines and tangent
lines. The idea was that we could define the slope at a single point on a
graph by using limits of slopes of secant lines. This is what we called the
derivative of a function. We said before that the slope of a function is a
measure of how quickly it rises or falls. How can we use this information to
graph functions?

To answer this question, we need some definitions.

Definition 2. Let f be a function and I be an interval. We say that f
is increasing on I if f(a) < f(b) whenever a < b. Similarly, we say f is
decreasing on I if f(a) > f(b) whenever a < b.

Don’t over-think this definition. All this is saying is that if we read a
graph from left to right, the graph of an increasing function will go up, and
the graph of a decreasing function will go down. As always, we just have to
state in a very precise manner what we mean, so there is no confusion.

As we will see later, it is useful to be able to know when a function is
increasing or decreasing. For this, we have the following theorem.
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Theorem 1. If f ′(x) > 0 for all x in an interval, then f is increasing on
that interval. If f ′(x) < 0 for all x in an interval, then f is decreasing on
that interval.

Note that functions can both increase and decrease (though not at the same
time). For example, the function given by the graph

sometimes is increasing, and sometimes is decreasing. The points on the
graph where it switches from one to the other are pretty important, so we
give them a name.

Definition 3. Let f be a function, and c be a point in its domain. We say
that f(c) is a relative maximum if f(x) ≤ f(c) for all x close to c. Similarly,
we say f(c) is a relative minimum if f(x) ≥ f(c) for all x close to c.

In the graph above, we have a relative maximum at about x = −1/2, and a
relative minimum at about x = 1/2.

You may be wondering: how exactly do we find what these are? In many
applications, this is an important question. Before we can answer that, let
us make the following definition.

Definition 4. Let f be a function. We say that x = c is a critical point for
f if either f ′(c) = 0 or if f ′(c) does not exist.

Example 3. Let f(x) = x3 − 6x2. Find the critical points of f .
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Solution: The first step is to find f ′(x). We then check to see if it is zero or
undefined anywhere. You can check that

f ′(x) = 3x2 − 12x.

This is defined everywhere (you can plug in any x-value you want). So we
need only see where f ′(x) = 0. Thus

0 = 3x2 − 12x

= 3x(x− 4)

Recall that the only way a product can be equal to zero is if either one of the
terms is zero. Thus we have either 3x = 0, or x− 4 = 0. The first possibility
gives us just x = 0, and the second gives us x = 4. So our critical points are
x = 0 and 4.

Now, imagine taking a ruler (or any other long, thin object) and balancing
it on the relative maximum. Assuming you have it perfectly balanced, the
ruler should lay perfectly flat. But this is exactly how a tangent line should
behave at a relative maximum (and also at a relative minimum). This tells
us that at a relative maximum or minimum, we must have f ′(x) = 0. This
is the content of the following theorem.

Theorem 2. If a function f has a relative extremum at x = c, then c is a
critical point of f .

Thus, when looking for relative extrema, we need only check for where the
derivative is either zero, or undefined.

There are a few things which you should make a note of at this point.
First, note that we also included x-values where the derivative does not exist
in the definition of critical points. This is important for situations such as in
the function

f(x) = |x− 2|+ 1

whose graph is:
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Notice how the function changes from decreasing to increasing. However, the
derivative is not defined at x = 2, which leads to that sharp corner you see
in the graph. Thus, it is not sufficient to check f ′(x) = 0 when looking for
relative extrema.

The second noteworthy point is that while Theorem 2 tells us that, when
looking for relative extrema, we should check critical points, it does not say
that every critical point is a relative extremum. To see why this is, consider
the function f(x) = x3. Here is its graph:
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If you look carefully, you can kind of see that f has a horizontal tangent line
at x = 0 (and therefore f ′(0) = 0). You can check this for yourself, since
you now know how. However, you can clearly see in the picture that x = 0
is not a relative extremum. Thus, Theorem 2 only tells you where to look,
but it doesn’t tell you everything you need to know. To really seal the deal,
we need the following theorem.

Theorem 3. (First Derivative Test) Assume f(x) has exactly one critical
point x = c in some interval. Then:

1. c is a relative maximum if f ′(x) changes from positive to negative as
you cross x = c, from left to right.

2. c is a relative minimum if f ′(x) changes from negative to positive as
you cross x = c, from left to right.

3. otherwise, c is neither a maximum nor a minimum.

With all this information, we can finally try to find an actual extreme
point.

Example 4. Find all relative extrema for f(x) = 2x3 − 3x2 − 12x + 12.

Solution: Based on Theorem 3, we need to compute the derivative f ′(x).
This is

f ′(x) = 6x2 − 6x− 12 = 6(x2 − x− 2) = 6(x− 2)(x + 1).

Setting this equal to zero, we get 6(x − 2)(x + 1) = 0. From this, it follows
that either x = 2, or x = −1. So these are our critical points. By Theorem
1, we must determine what is happening between the critical points. We can
do this by choosing test points in between the critical points, and checking if
the derivative is positive or negative. For test points, I will choose x = −2,
x = 0, and x = 3. The results are contained in the following table.

x -2 -1 0 2 3
f ′(x) + 0 - 0 +

From this, we see that x = −1 is a relative maximum, while x = 2 is a
relative minimum.
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