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4.6 Integration by Parts

In the previous lecture, we discussed integrals where the integrand involves
products of functions. A necessary requirement for the method we learned
was that the integrand have a very specific form, namely∫

f ′(g(x)) · g(x) dx.

Consider now the following integral:∫
x cosx dx.

Attempting to use u-Substitution will not get you very far. The reason is that
it is not possible to write the function x cosx in the form of the Chain Rule,
f ′(g(x)) · g′(x). For integrals such as these, we can try another technique
which is based on the Product Rule. Recall that the Product Rule says

d

dx
(u(x)v(x)) = u′(x)v(x) + u(x)v′(x).

Let’s rewrite this a little, in the following way:

d

dx
(u(x)v(x)) − u′(x)v(x) = u(x)v′(x)

Now that we have it written this way, we can integrate:∫
d

dx
(u(x)v(x)) − u′(x)v(x) dx =

∫
u(x)v′(x) dx
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On the left side, we can apply all the rules for integration that we know to
get∫

d

dx
(u(x)v(x)) − u′(x)v(x) dx =

∫
d

dx
(u(x)v(x)) dx−

∫
u′(x)v(x) dx

= u(x)v(x) −
∫

u′(x)v(x) dx.

This gives us the formula∫
u(x)v′(x) dx = u(x)v(x) −

∫
u′(x)v(x) dx.

What this formula is telling us is that when integrating the product of two
functions which cannot be integrated by u-Substitution, we can apply the
following procedure to compute the integral:

1. Take the antiderivative of one of the functions, while leaving the other
function alone.

2. Subtract another integral, whose integrand is the same as in the previ-
ous step, except with the second function differentiated.

Using the notation of differentials, we can write the above formula in the
nice simple form: ∫

u dv = uv −
∫

v du. (1)

Thus, one applies the formula in (1) by choosing one function to be u, and
one to be in the expression dv. As always, examples will be helpful to see
why this is actually a useful formula.

Example 1. Evaluate the integral∫
x cosx dx.

Solution: The integrand in this integral consists of the functions x and cosx.
As stated above, the trick is to choose the correct functions to be u and dv.
Suppose we make the following choices: Let u = x and dv = cosx dx. To
apply the formula, we need v = sinx and du = dx. Then (1) becomes∫

x cosx dx = −x sinx−
∫

sinx dx.
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This may appear to not be an improvement, but we have actually accom-
plished quite a bit. The thing to pay attention to now is that the integral on
the right-hand side is now one that we can compute directly. We can do so,
obtaining ∫

x cosx dx = x sinx−
∫

sinx dx

= x sinx + cosx + C.

Example 2. Compute the integral∫
x2ex dx.

Solution: As before, we begin by carefully choosing u and dv. Choose u = x2,
dv = ex dx. To apply the formula in (1), we compute du = 2x dx, and v = ex.
Then ∫

x2ex dx = x2ex −
∫

2xex dx.

This may seem like we have not accomplished anything, as the integral on
the right-hand side is still one we cannot do just by using a simple formula.
However, it is an improvement over the previous step, as we have reduced
the exponent on the x. We can then apply the formula again to the second
integral, with u = 2x, dv = ex dx. Thus du = 2 dx, and v = ex, and∫

x2ex dx = x2ex −
∫

2xex dx

= x2ex −
(

2xex −
∫

2ex dx

)
.

To finish this problem, we note that the last integral above is one we can
compute. So we compute it, giving us∫

x2ex dx = x2ex − 2xex + 2ex + C.
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