
Techniques of Integration I: u-Substitution

October 8, 2014

4.5 u-Substitution

So far, we have learned how to compute many types of integrals. Starting
from basic functions, such as polynomials, exponentials, etc., we were able
to compute the integrals of many different types of functions by looking at
combinations of functions. However, you may have noticed that we only
looked at combinations which consisted of sums of functions, or functions
multiplied by numbers. Today, we will begin looking at integrals of products
of functions.

Unfortunately, things become much more complicated when you consider
products of functions. Unlike previous cases, we cannot simply “split up”
the integral and evaluate each term separately. In fact, things can become
so complicated that we have to consider a few different methods to com-
pute integrals. The first of these methods is known as u-Substitution. To
understand how the method works, we need to recall a few facts.

1. The Chain Rule: Recall that for two differentiable functions f and
u, the Chain Rule states that the derivative of the composition of two
functions is given by

d

dx
(f(u(x))) = f ′(u(x)) · u′(x).

2. Differentials: If f is a differentiable function, then we defined the
differential df of f as

df = f ′(x)dx.
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Let us now integrate the expression in the Chain Rule. This gives us∫
d

dx
(f(u(x))) dx =

∫
f ′(u(x)) · u′(x) dx (1)

For the left side, it should be clear that f(u(x)) is the antiderivative of
d
dx

(f(u(x))) (just think about the definition of antideriatives). Thus

f(u(x)) + C =

∫
f ′(u(x)) · u′(x) dx.

What this formula is telling us is that whenever the function inside the
integral is a product of a composition of functions and a derivative, then the
antiderivative is simply the composition of functions, as written in the above
equation. Simple, right?

Unless you’re some sort of crazy person, you’re probably thinking “That
wasn’t easy at all!” Of course it’s not easy. For this formula to be easy, you
would have to just be able to instantly recognize a product of functions as
being in one very specific form. While it may eventually become easy, it is
not easy at first. So we need a way of computing these integrals without
having to realize that the functions have the form of the Chain Rule.

To see how this works, let’s take a closer look at the right hand side of
equation (1). If we now apply the definition of differentials to the right hand
side of (1), we can write

du = u′(x) dx.

Using this in (1) gives us∫
f ′(u(x)) · u′(x) dx =

∫
f ′(u(x)) du. (2)

What this equation is saying is that if we can write an integral in the form∫
f ′(u(x)) du,

then the answer is simply f(u(x)) + C. This method is known as u −
Substitution, for reasons we will see below.

To see how this is actually applied in practice, consider an example:

Example 1. Compute the integral∫
2xex

2

dx.
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Solution: Here, we have a product of two functions inside the integral, namely
2x and ex

2
. The thing that should immediately jump out at you is that while

we know how to compute the integral of polynomials such as 2x, we never
learned how to do exponentials that were not of the form ex. Thus, we want
to somehow “hide” the part of the integral that is different from things that
we learned before. We do this by defining u = x2. Thus, the expression ex

2

can be written as just eu, which looks a lot more familiar (though perhaps
with different letters than we normally use for variables. Thus∫

2xex
2

dx =

∫
2xeu dx.

Unfortunately, we still cannot compute the integral, because our integral
has both x and u. Referring back to equation (2), we must rewrite the
integral completely in terms of this new function u. To do this, we apply the
definition of the differential of u:

du = u′(x) dx = 2x dx.

The thing you should note now is that we have both 2x and dx written
inside the integral. Thus, we can replace both with the simpler expression
du, leaving us with the integral∫

2xex
2

dx =

∫
eu du.

The integral on the right hand side is one of the types we have learned how
to do. Its antiderivative is simply eu + C. Recalling that we had defined
u = ex

2
, we get ∫

2xex
2

dx = ex
2

+ C.

Remark 1. Notice that at no point in our discussion did we need to make the
observation that the function ex

2
is a composition of two functions, namely

f(x) = ex and u(x) = x2. The only observation we made was that ex
2

is
quite similar, but not identical to a function that we know how to integrate,
namely ex. We thus take the part that is different and rename it something
else, such u. It is here that we get the name u-Substitution from. Whatever
looks different than something we can do, we hide it by calling it u. The
theoretical computations we did at the beginning then tell us that if we
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rewrite the integral completely in terms of u, including the differential, then
whatever answer get for the simplified integral is, in fact, the answer for the
original, more complicated integral. In the process, we also eliminated any
products in the integral, thus further simplifying any computations that need
to be made to computations we already know how to do.

More examples might help make this principle clearer.

Example 2. Compute the integral∫
3x2
√
x4 − 1 dx.

Solution: As before, we start by making two observations. First, the integral
consists of the product of two functions, one of which is a polynomial, and
the other which is a square root. The second observation is that the square
root is the one which does not fit into one of the forms we have learned. We
have learned how to integrate only square roots of the form

√
x. Thus, as

before, we hide the part that is different by calling it u:

u = x4 − 1.

However, once we start hiding things with x, we must hide ALL the x’s in
the integral. We start with the differential:

du =
d

dx
(x4 − 1) dx = 3x2 dx.

Based on this, we can rewrite the integral as∫
3x2
√
x4 − 1 dx =

∫ √
u du.

The integral on the right side is a simple one. It is simply∫ √
u du =

2

3
u

3
2 + C =

2

3

(
x4 − 1

) 3
2 + C.

Example 3. Compute the integral∫
cos(lnx)

x
dx.

4



Solution: In the given form, the integral above looks like a disaster. However,
note that we can rewrite the integral in the following way:∫

cos(lnx)

x
dx =

∫
1

x
cos(lnx) dx

The reason for writing it this way is that now we have a product for which one
term is easy (the 1/x), and one which is not a standard form (the cos(ln x)).
Thus, as in the previous examples, we take the difficult part and hide it by
calling it u:

u = lnx.

We do this so cos(lnx) = cosu, which is a function which we know how to
integrate. Then, as we did before, we eliminate all the x’s from the integral
by rewriting the differential dx:

du =
d

dx
(lnx) dx =

1

x
dx.

By doing this, the integral takes the nice, simple form∫
cos(lnx)

x
dx =

∫
cos(u) du = sin(u) + C = sin(lnx) + C.
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