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4.1 Antiderivatives

In this lecture, we will consider an operation on functions which is the exact
opposite of differentiation. Consider, for example, the function f(x) = sinx.
We know that

d

dx
(sinx) = cos x

Because this equation is true, we say that cosx is the derivative of sinx.
For reasons we will see later, it is useful to define a new idea based on this
equation which is the opposite of differentiation. Since we obtain cosx when
differentiating sinx, we can also say that sinx is the antiderivative of cosx.
Based on this, we make the formal definition:

Definition 1. We say that a function F (x) is the antiderivative of f(x) if

d

dx
(F (x)) = f(x).

Example 1. Since
d

dx
(x2) = 2x,

then x2 is an antiderivative of 2x.

Example 2. Recall that we said previously that

d

dx
(ex) = ex.

Thus, ex is its own antiderivative.
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Example 3. We said earlier that

d

dx
(lnx) =

1

x
.

Thus lnx is an antiderivative of 1/x.

Suppose now we have a function f(x) with antiderivative F (x), and let c
be any number. Then it is also the case that

d

dx
(F (x) + c) = f(x).

So F (x) + C is also an antiderivative of f(x). Thus antiderivatives are not
unique. However, they cannot be completely different, as we see in the
following theorem.

Theorem 1. If F (x) is an antiderivative of f(x), then any other antideriva-
tive G(x) of f(x) can be written as

G(x) = F (x) + C,

where C is some number.

Because of this theorem, we often refer to F (x) + C as the antiderivative of
f(x), because there are no other possibilities.

Example 4. Previously, we said that x2 is an antiderivative of 2x. However,
we also have that

d

dx
(x2 + 10) = 2x.

Thus x2 + 10 is also an antiderivative of 2x. However, any antiderivative of
f(x) = 2x is of the form F (x) = x2 + C. Thus we can refer to a function as
being the antiderivative.

Indefinite Integrals

When we discussed derivatives, we introduced some different types of nota-
tion which are used to discuss derivatives. For example, for a function f(x),
we can represent its derivative as either f ′(x) or using differential notation
as

df

dx
=

d

dx
(f(x)).

In the same way, we use the following notation to represent antiderivatives.
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Definition 2. If f(x) is a function with antiderivative F (x), then its indef-
inite integral is ∫

f(x) dx = F (x) + C.

The number C is called the constant of integration.

Based on our experience with derivatives, you may wonder if there are
quick shortcuts to finding antiderivatives. In many case, it turns out there
are. Here are some of the basic shortcuts.

Theorem 2. (Antidifferentiation Rules) The following shortcuts hold for
antiderivatives:

1. The Constant Rule: ∫
k dx = kx + C

2. The Power Rule (for n 6= −1):∫
xn dx =

1

n + 1
xn+1 + C

3. The Logarithm Rule: ∫
1

x
dx = ln |x|+ C

4. The Exponential Rule: ∫
ex dx = ex + C

5. The Trigonometric Rules:∫
sinx dx = − cosx + C∫
cosx dx = sinx + C

Note that tan x is not on this list here. We will learn how to do that
later.

Now that we have learned how to do basic functions, we need to know how
to do combinations of functions. For this, we have the following theorem.
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Theorem 3. (Properties of Integrals) Antidifferentiation (and indefinite in-
tegrals) have the following properties:

1. A constant can be moved outside the integral:∫
cf(x) dx = c ·

∫
f(x) dx

2. The integral of the sum is the sum of the integrals:∫
f(x)± g(x) dx =

∫
f(x) dx±

∫
g(x) dx

Example 5. Compute the indefinite integral∫
2x2 + x8 + x55 dx.

Solution: Based on Theorems 2 and 3, we have∫
2x2 + x8 + x55 dx = 2

∫
x2 dx +

∫
x8 dx +

∫
x55 dx

=
2

3
x3 +

1

9
x9 +

1

56
x56 + C.

Example 6. Compute the indefinite integral∫
10ex +

3

2
x

4
3 + cosx dx.

Solution: Based on Theorems 2 and 3, we have∫
10ex +

3

2
x

4
3 + cosx dx = 10

∫
ex dx +

3

2

∫
x

4
3 +

∫
cosx dx

= 10ex +
3

2
· 1

4
3

+ 1
x

4
3

+1 + sinx + C

= 10ex +
3

2
· 1

7
3

x
7
3 + sinx + C

= 10ex +
9

14
x

7
3 + sinx + C.
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4.2 Antiderivatives as Areas

Suppose we have a right triangle with base length b and height h. For such
a shape, we have a nice simple formula for computing its area: A = 1

2
bh.

What about a shape with a more complicated structure. For example, what
if we needed to compute the area of this strange shape, which is created by
look at the region between the graph of a function f(x), the x-axis, and the
vertical lines x = −1 and x = 10:

Good luck trying to find a simple formula for the area of the purple region.
However, we can at least try to approximate it by using the following tech-
nique: Suppose we take our purple region in the diagram and cover it with
rectangles, as in the following diagram:
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The idea here is that rectangles have a simple formula for the area: A = bh.
Thus, if we add the areas of all the rectangles, the sum should be similar to
the area of the purple region. So the question is, what do we write for the
area of each rectangle?

To do this in a consistent way, we use the following procedure: We cover
the purple region with rectangles of equal width, which we will call ∆x. For
the height of each rectangle, we note that the upper boundary of the purple
region is a function f(x). So, we choose the value of the function at the
x-value on the left-hand side of the box. If we do this for each box, the sum
of their areas is then given by A = f(x0)∆x+f(x1)∆x+f(x2)∆x+f(x3)∆x.
We can write this in simpler form using the notation

3∑
i=0

f(xi)∆x.

Sums of this type are known as Riemann sums. Let us apply this idea to an
example.

Example 7. Approximate the area of the shape created by the graph of
f(x) = x2 + 1, the x-axis, and the lines x = 0 and x = 4.

Solution: Based on the example above, we will need 4 boxes each of width
∆x = 1. For the heights, we need f(0) = 1, f(1) = 2, f(2) = 5, and
f(3) = 10. Then the Riemann sum for the areas is

A =
3∑

i=0

f(xi)∆x

= 1 · 1 + 2 · 1 + 5 · 1 + 10 · 1
= 18.

One should note that there was no reason to choose only 4 boxes. We
could have instead used 8 boxes. In this case, the width of each box would
have been ∆x = 1/2, and we would need the values f(0) = 1, f(1/2) = 5/4,
f(1) = 2, f(3/2) = 13/4, f(2) = 5, f(5/2) = 29/4, and f(3) = 10. You can
check then that the Riemann sum in this case is

A =
8∑

i=0

f(xi)∆x

= 14.875.
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It may not be totally obvious, but the more boxes you use, the better
your estimate will be (though the more work it will take). We can express
this in the following way:

A = lim
∆x→0

n∑
i=1

f(xi)∆x.

This limit is a little bit different than the kinds of limits we have dealt with
before, so you shouldn’t waste too much time trying to make sense of it, as
you will never be asked to compute it directly in this course. In the next
section, we will learn how antiderivatives can be used to obtain this limit
quickly and easily.

7


	Antiderivatives
	Antiderivatives as Areas

