
MA0002 - Mathematical Methods B Page 1 of 7

Exam MA0002 - Mathematical Methods B - Spring 2024

Problem 1 [20 points] Denote the size of a population at time t by N(t), and assume
that for t ≥ 0

dN

dt
= 6N(N − 40)

(
1− N

100

)
=: g(N). (1)

a) Find all equilibria of (1) by computation. Show the details of your calculations.

b) Classify the stability of the equilibria of (1) by computation. Show the details of your
calculations.

c) The graph below depicts g(N) given in (1). Identify the equilibria of (1) on the below
given graph of g, and use the graph to determine the stability of the equilibria. Explain
your reasoning by discussing how the solutions of the differential equation (1) change
around the equilibria, and verify your results from a) and b).

Solution:

a) 3 points g(N) = 0 gives N1 = 0, N2 = 40 and N3 = 100.

b) 7 points We use the product rule of differentiation to compute g′(N):

g′(N) = 6(N − 40)
(

1− N

100

)
+ 6N

(
1− N

100

)
+ 6N(N − 40)

(
− 1

100

)
.

• g′(N1) = g′(0) = 6 · (−40) < 0, hence, N1 = 0 is locally stable.

• g′(N2) = g′(40) = 6 · 40 ·
(
1− 40

100

)
> 0, hence, N2 = 40 is unstable.
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• g′(N3) = g′(100) = 6 · 100(100− 40)
(
− 1

100

)
< 0, hence, N3 = 100 is locally stable.

c) 10 points As g(N) is decreasing near N1 and N3, these equilibria are locally stable. For
example, if we perturb N1 a bit, say N = N1 + z (z > 0 small), then N ′ = g(N) < 0,
and so N will decrease. If we let N = N1 − z (z > 0 small), then N ′ = g(N) > 0, and
so N will increase. The system will therefore return to the equilibrium N1 after a small
perturbation. The same reasoning holds for N3.
Since the function g(N) is increasing near the equilibrium N2, N2 is unstable. If we
perturb N2 a bit, say N = N2 + z (z > 0 small), then N ′ = g(N) > 0, and so N will
increase. If we let N = N2 − z (z > 0 small), then N ′ = g(N) < 0, and so N will
decrease. In either case, the system will not return to N2.
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Problem 2 [20 points]

a) Evaluate the indefinite integral ∫ x3

(x4 − 2)4dx.

b) We are given the following matrices:

A =
(

2 1
3 2

)
, B =

(
−1 −4
2 8

)
.

(a) Calculate A+B.
(b) Calculate A ·B.
(c) Calculate 3 · A.
(d) Determine whether the matrix A is invertible or not. Based on this information,

conclude whether
i. there exists a solution to the problem Ax = b (b ∈ R2, b 6= (0, 0)T );
ii. there exists a solution to the problem Ax = 0 (where 0 denotes the zero vector);
iii. there exists a unique solution to the problem Ax = 0.
(Note: Do not solve these systems.)

(e) Determine whether the matrix B is invertible or not. Based on this information,
conclude whether
i. there exists a unique solution to the problem Bx = b (b ∈ R2, b 6= (0, 0)T );
ii. there exists a solution to the problem Bx = 0 (where 0 denotes the zero vector);
iii. there exists a unique solution to the problem Bx = 0.
(Note: Again, do not solve these systems.)

Solution:

a) 9 points We make the substitution

u = x4 − 2 =⇒ du

dx
= 4x3 =⇒ dx = du

4x3 .
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We get
∫ x3

(x4 − 2)4dx =
∫ x3

u4
du

4x3

= 1
4

∫ 1
u4du

= 1
4

[(
−1

3

)
· 1
u3

]
+ c1

= − 1
12 ·

1
u3 + c1

= − 1
12 ·

1
(x4 − 2)3 + c,

where c1 and c are real-valued constants (no point deduction if only one constant is
given).

b) 11 points

(a) A+B =
(

2 1
3 2

)
+
(
−1 −4
2 8

)
=
(

1 −3
5 10

)
.

(b) A ·B =
(

2 1
3 2

)
·
(
−1 −4
2 8

)
=
(

0 0
1 4

)
.

(c) 3 · A = 3 ·
(

2 1
3 2

)
=
(

6 3
9 6

)
.

(d) det(A) = 2 · 2− 1 · 3 = 1. As det(A) 6= 0, the matrix A is invertible.
i. As A is invertible, there exists a solution to the problem Ax = b.
ii. There exists a solution to the problem Ax = 0, namely, x = 0.
iii. As A is invertible, the solution to the problem Ax = 0 is unique.

(e) det(B) = (−1) · 8− (−4) · 2 = 0. As det(B) = 0, the matrix B is not invertible, but
singular.
i. As B is not invertible, there does not exist a unique solution to the problem
Bx = b.

ii. There exists a solution to the problem Bx = 0, namely, x = 0.
iii. As B is not invertible, there is not a unique solution to the problem Bx = 0.
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Problem 3 [20 points] Solve the linear system

2x+ 2y + 2z = 1
4x+ 2y + z = 13

6x+ 4y + 3z = 14

by giving a formula for all its solutions by introducing a parameter t ∈ R and setting z = t.

Solution:

We can see that the third equation is equal to the first equation plus the second equation,
and thus, we can ignore the third equation. Since we have three unknowns and two equations,
there will be infinitely many solutions. 5 points Remark: If the system is solved directly (with
3 equations instead of just the first two), 10 points will be given for solving the system.

Multiplying the first equation by −2 and adding it to the second, we obtain:
2 2 2 1
4 2 1 13
2 2 2 1
0 -2 -3 11.

This yields the equations

2x+ 2y + 2z = 1
−2y − 3z = 11. 5 points

Let z = t. Then
−2y − 3t = 11,

which gives
y = 3t+ 11

−2 .

Plugging this term into the first equation, we obtain

2x+ 6t+ 22
−2 + 2t = 1,

and hence

2x = 1 + 6t+ 22
2 − 2t = 1 + 3t+ 11− 2t = 12 + t =⇒ x = 6 + t

2 .

Therefore, the solutions are of the form(
6 + t

2 ,
3t+ 11
−2 , t

)
. 10 points
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Problem 4 [20 points] A rabbit population, where we only consider females, can be
divided into two age groups: Under-one-year-olds have a one-to-five chance of surviving the
first year and have on average two female offspring. The other group is over-one-year-olds. No
rabbits get older than two years.

a) Set up a Leslie-matrix L that represents the information given above. Some information
is missing. Introduce a variable a ∈ R where necessary.

b) How many individuals of each age group are there after one year when we assume the
population starts with 10 one-year-olds and 15 under-one-year-olds? How many individ-
uals of each age group are there after two years? The answer depends on the variable a
that you introduced.

c) Measurements have shown that the population grows in the long-term with a growth rate
of r = 5

2 , i.e., after one year the population is around 5
2 -times as big as before. Based on

this information, determine the value of the variable a. You do not need to display all
the calculations, but it must be understandable and reproducible what you have done
and why (describe in your own words).
Remark: For solving the quadratic equation λ2 +pλ+q = 0, you can use the p-q-formula

λ1/2 = −p2 ±
√(

p

2

)2
− q.

Solution:

(a) 5 points The Leslie model has two age groups, thus the Leslie matrix is 2 × 2: L =(
l1,1 l1,2
l2,1 l2,2

)
. Only one out of five of one-year-olds survive. Therefore, l2,1 = 1

5 . All 2-year

olds die: l2,2 = 0. One-year-olds have (on average) two (female) children: l1,1 = 2. We
know nothing about how many children two-year-olds have (l1,2 = a). Together we get

L =
(

2 a
1
5 0

)
.

(b) 5 points Here it is assumed that at time t = 0, we have a population of p0 =
(

15
10

)
.

The Leslie model describes the evolution from one time period (year) to the next with
matrix-vector multiplication. We thus get:

after one year p1 = L · p0 =
(

2 a
1
5 0

)
·
(

15
10

)
=
(

2 · 15 + a · 10
1
5 · 15

)
=
(

10 · a+ 30
3

)

after two years p2 = L · p1 =
(

2 a
1
5 0

)
·
(

10 · a+ 30
3

)
=
(

20 · a+ 60 + 3 · a
1
5 · (10 · a+ 30)

)
=
(

23 · a+ 60
2 · a+ 6

)
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(c) 10 points To find out how the population changes in the long run, one must analyze L
with regard to its eigenvalues. The characteristic polynomial is

pL(λ) = det(L− λ · I) =
(

2− λ a
1
5 −λ

)
= (2− λ) · (−λ)− a

5 = λ2 − 2 · λ− a
5 .

Then you get the eigenvalues (the roots, e.g. with the p-q formula)

λ1 = 1 +
√

1 + a/5 , λ2 = 1−
√

1 + a/5 .

Since the square roots in those formulas are not negative, λ1 (also in absolute value) is
greater than λ2 and the dominant eigenvalue. It thus corresponds to the growth rate; we
must solve

λ1 = 1 +
√

1 + a/5 != 5
2 = r

to find a. The operations «−1», «()2», «−1» og «·5» give the value: a = 25
4 .

Grading Scale (following
https://i.ntnu.no/wiki/-/wiki/English/Grading+scale+using+percentage+points):

A 71–80
B 61–70
C 52–60
D 42–51
E 32–41
F 0–31


