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Gradient of a Function

Let f : R?2 — R be a function which has partial derivatives of first order.
We define the gradient of f at (x1,x2) to be the vector

V(e ws) = (fxl(iflafﬂz)) .

fﬂvz (.%‘1,.’132)

Example
Let f(x1,22) = 23 + x122. Then f,, = 211 + 22, fz, = x1. Hence,
T fr,29) = (2:1:1:; :172) .
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For example,



Directional Derivatives

Recall the geometric interpretation of af(gl’iz) and 8“51’5”2).
T T2

We keep x2 constant and equal to
Zo. We intersect the graph of f
with the plane zo9 = Zo.

[z, )

We get the graph of the function
g(@1) = f(1,22)

| "

The partial derivative %ﬂf"’) is the slope of the tangent at

(T1, f((%1,72))).



Directional Derivatives

We keep x1 constant and equal to
Z1. We intersect the graph of f
with the plane z1 = Z7.

f(Z,2)

We get the graph of the function
g(@2) = f(Z1,22)

| -

0f(Z1,%2)

The partial derivative is the slope of the tangent at

(T2, f((Z1,72))).



Directional Derivatives

What if we want to find the rate of change of f(z1,22) as (z1,22)
changes along another direction?




Directional Derivative

Let u = (u1,uz) be a unit vector (i.e., |u| = /u? +u3 =1). The
directional derivative of f(z1,x3) at the point (Z1,Z2) in the direction
of the unit vector u = (u1, us) is

Of(x1,72) af(i'l,iﬁ).

Dy f(%1,Z2) = Vf(Z1,%2) - u = uy - s + ug - 02,




Directional Derivative

Example
Compute the directional derivative of

flz1,20) = /o] + 223

at the point (—1,2) in the direction of (31).

— 2:02

fml(l’l,xg) = \/ﬁ’ fm2($1,1’2) m
_ _1
vien = (103) = (7))

L . . . -1
The direction vector is the vector that we get if we normalize v = ( 3 ):

. This means

o] = v (—1)2+ 32 = VI+9 = VI0.

=1
So, the direction vector is u = <3>



Directional Derivative

The directional derivative of f at the point (—1,2) in the direction of u is

Dy f(=1,2) = Vf(=1,2) - u

_1 o,
- 3J/10 310
13
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Directional Derivative

Remark
Suppose we have the direction vector

()

The directional derivative of f at (Z1,Z2) w.r.t. uis

Dy f(21,2Z2) = Vf(Z1,Z2) - u

6.]6(%‘17'%2) 6f<i‘17j2)
— b2 2L
8x1 + 8x2
= M, the partial derivative w.r.t. x7.
8.1‘1

Similarly, one can check that if u = L) then the directional derivative
of f at (Z1,T2) w.rt. uis %1?2)



Directional Derivative

Example

Compute the directional derivative of f(x1,72) = 2329 — 223 at the

point (—3,2) in the direction of (—1,1).
We have
fo, = 21122, f2, = {E% — 4z,

v = (153) - ()

v—(_ll) — o= V1P H 2= V2.

This means that the unit vector at the direction of v is

== (i) - ()

Hence, the directional derivative is

Duf(~3.2) = Vf(-3.2) u= (~12) (—\f) L2

132
==
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Directional Derivative

Suppose that (Z1,Z5) is a point in the domain of f and w is a unit
vector. The directional derivative at (Z1,Z3) in the direction of u is

Du(f(jly 52)) =Vf(Z1,T2) u
= |Vf(Z1,Z2)| - |u| -cosb
= |V f(Z1,Z2)] - cos@.

This means that the directional derivative is maximum when cosf =1,
and u has the same direction as the gradient V f(Z1, Z2).

The gradient V f(Z1,Z2) points towards the direction at which f(z1,x2)
increases most rapidly.
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Directional Derivative

Recall that the level sets (or level curves) of a function f(x1,x5) are the
sets of the form

L, = {(x1,72) € R*: f(z1,20) = c}.

If (Z1,Z2) is a point on the level curve L. = {(x1,22) € D : f(x1,22) =
¢}, then the gradient of f, V f(Z1,Z2) at the point (Z1, Z3) is perpendicular
to the level curve at the point (Z1, Z2).
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Directional Derivative

Example
Let f(x1,22) = 2229 + 23. What is the direction at the point (1,1) at
which the function f increases most rapidly?

2
fm1 (Il,xg) = 2x129, fZQ(.’L'l,(L'z) = x% + 229, Vf(l, ].) = <3>

The vector <§> shows the direction at which f increases most rapidly.

S
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Directional Derivative
Example
Let f(z1,72) = 2?2 — 23.
1. What is the level curve of f that goes though the point (1,2)7
2. Find a vector perpendicular to this curve at the point (1,2).

1. We have f(1,2) = 12 — 22 = —3, so the level curve of f that does
through the point (1,2) is the curve

2 — g2 = -3
2. The requested vector is V f(1,2):
of of
2L = 2=
8.’1)1 X1, 83)2 T2,

and so Vf(1,2) = <_24>
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