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Derivatives of 1-Variable Functions

For functions f of one variable, we say that f is differentiable at the
point & with derivative equal to f/(Z) if

o f@) = f@) L @R~ f(@)

T—T Tr—2x h—0 h

= f'(z).
In that case, the number f’(Z) is the slope of the tangent at the graph of
f at the point (z, f(Z)).
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Derivatives of 1-Variable Functions

The function which assigns to each value of x the derivative f(x) is
called the first derivative of f.

Example
When f(x) = 22 + 1 + exp(x), then its first derivative is the function

f'(x) = 2z + exp(x).

Explanation: We get
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Derivatives of 1-Variable Functions
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Derivatives of 2-Variable Functions

Assume we have a function f(z1, z2) of two variables. If we treat one of
the two variables as a constant, we can differentiate with respect to the
other variable (as if we had a function of one variable).

Example

Let f(z1,72) = m122 + 2323, If we treat 2o as a constant, we have a
function of z1, which is

g(x1) = f(x1,29) = 2129 + 2w,
Differentiating g, we get

g (x1) = 2o + 32323



Partial Derivatives

We define the partial derivative of f(x1,x2) with respect to x; at the
point (Z1,Z2) to be the number
f(Z1+ h,22) — f(Z1,72)

Of@1@2) _
3331 h—0 h ’

and the partial derivative of f(x,x2) with respect to x5 at the point

(Z1,Z2) is defined as
Of(21,75) _ lim f(@1,22 + h})L - f(ﬂfcl,i‘z)7
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assuming that these limits exist and are real numbers.



Partial Derivatives

The functions that map each point (x1,x2) to the partial derivative of f
w.r.t. x1 (x2, respectively) are denoted by

3f(I1,172) 3f($17932)
&vl and (91'2

and are also called the partial derivatives of f w.r.t. z; (z2,
respectively).

Sometimes, we write f,, (z1,z2) instead of %ﬂ;l’“) and [y, (21, 22)

Of(z1,22)

instead of 5
T2



Partial Derivatives

Example
Find the partial derivatives af(g;’“), af(gl’“) when
U1 xro
f(xlva) = T2 eXp(fEll'Q).
%;,1:62) = a3 exp(z12)
af(xl,.TQ) _ ax? anp(l‘l.’EQ)
bus 0wy TP,

= exp(z122) + 2179 exp(z122) = (1 + z122) exp(z122).



Partial Derivatives

Example
Find the partial derivatives

_ sin(ziz2)
J@n@2) = fcoen

when

Of(z1,22) Of(z1,%2)
Oxq ! Oxo

Of(x1,72) Uz, v — vz u

O0xy v2
2o cos(z1m2) (2% + cos(wa)) — 271 sin(z122)

- (22 + cos(xa))?
u=sin(z122) Uy, = xocos(z122)

v =127+ cos(za) vy, =221



Partial Derivatives

Of (x1,72)  Uz,¥ — VU

0o v?2

21 cos(w122) (22 + cos(xa)) — (— sin(xs)) sin(z122)

(22 + cos(x2))?
21 cos(z1m2) (2% + cos(wa)) + sin(zz) sin(z122)
(22 + cos(z2))?

u=sin(z122) Uy, = x1 cos(z122)

v =127+ cos(za) vy, = —sin(zy)
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Partial Derivatives — Geometric Interpretations

We keep x2 constant and equal to
ZTo. We intersect the graph of f
with the plane zo = Z».

We get the graph of the function
T3 g(x1) = f(w1,72)

+ Iy
!
The partial derivative %11@2) is the slope of the tangent at

(T1, f((%1,72))).
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Partial Derivatives — Geometric Interpretations

We keep x1 constant and equal to
Z1. We intersect the graph of f
with the plane z1 = Z7.

f(Z,2)

We get the graph of the function
g(@2) = f(Z1,22)

| -

0f(Z1,%2)

The partial derivative is the slope of the tangent at

(T2, f((Z1,72))).
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Partial Derivatives for Functions of More Than 2 Variables

Partial Derivatives are also defined similarly for functions of more than
two variables.

Example
f(z1,22,73) = exp(wax3)(2? + 23). Then

O0f (1,22, x3)
81‘1
8f(ac1, T2, 963)
0xo
Of(x1,x2,x3)

(91'3

= 2x1 exp(xax3)
_ 2 3
= x3exp(aax3)(x] + 23)

= z9 exp(z273)(z] + 23) + 323 exp(z223)

13



Partial Derivatives of Higher Orders

We can also compute partial derivatives of higher orders. Given a
function f(x1,x2), its second order partial derivatives are:

0 (8f(§1,x2)>

f:clzl (1'17 x?) -
f:czzcz (1‘1, $2) =
farz, (1, 72) =

fw2w1 (x17$2) =
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Partial Derivatives of Higher Orders

Example
Let f(z1,22) = sin(x1) + z1 exp(x2). Find the partial derivatives of
second order of f.

Remark
The partial derivatives f,,2,, fo,z, Of second order are called the mixed
derivatives of f.
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Partial Derivatives of Higher Orders

In the previous example, we found that the two partial derivatives f,,.,,
frox, Were equal. This is not always the case. However, we are able to
constitute the following assertion:

Theorem
Assume f: D — R (D C R?) has mixed partial derivatives fu,z,, froz,
which are continuous in some open disc centered around (Z1,Z2). Then

fI1I2 (‘(Elvié) = fﬂﬁzrl ("Elv‘%Q)’
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