
Exercise : Find the global maximum
and global minimum of

f-(x,y ) = X2ty2 - 2x + 4

on the disc D= { Cx,ydelR2 : x' + y
'
S4 ) .

you

• D is closed & bounded t.fm )

and f is continuous on D t•42 B 4-

So f has a global mob .

'

too
. • • ••ce,o , >

and a global minimum on D.↳
→

I
*

(o, -2 )

we find the potential extrema of Hay )
in the interior of D .

*fix,yo=L¥¥ -42359
sexy ) - ⑧ ⇒ { HEFEI ⇒ If
f- ( 1,0 ) = 22 - 2 -14 =3

We now find the values of f on the

boundary of D , which is the circle
+2+5=4 .



11=2050X2-iy2-4copo-4sino-4lsmh-nkl-4ex.ygy-esino.IO
(x,y ) ?

We find a poinxmetrisotion of
the points on the boundary of D

. cos0=Xg

Points CX , y ) with X2ty2=4 ⇒ xsecooo

bone coordinates of the form

{ X
= E COSO

,
0=0 < Er .

smO=F⇒

Y = I Sino 0=0: ,c=2,y=o y=2sih0

0=12 : 2=52 , y - rz
Thus on the boundary of D

,

f-(Xy ) = floccose , Nino )
= 4650 1- Gino - Goose -14
= 8 - Gcoso
= 4 ( 2 - cost )
= GLO ) ,

050<212
.

glo ) is maximum when

cost = - I ⇐ D= r
and then it is equal to glr ) = 12

glo ) is minimum when
Cosa = I ⇐ 0=0 ,

and then it is equal to g. (01=4 .

+ has a global min . on Cmo)
,
which is 3

.

f- has a global Max . on C-2,00 ,
which is 12

.



Exercise : find three non - negative numbers
whose sum is equal to 90

such that their product is maximum .

• Let x. y , z so be three non-negative
numbers

. Because their sum is equal to 90 ,

Xtytz = 90 ⇒ z = 90 - X - y .

Their product is

Xyz = Xy ( 90 - x -y ) .

We need to maximize the function

f- (x, y ) = ay (90 - x -y )

with 230
, y DO

and Z 30 ⇒ 90 -x - y ZO

⇒ xx y 590 . my

90%
We find potential global %

¢ 0

extremism points in the o¢interior of the domain of f . -

•
•
t -I

, y
° 90 X



f-(Xy ) = Xy (go
- x -y ) =9Oxy - Hy - xy2 .

•"x.yo -4*9×7.1=1883--313 I
ftxiy ) = 0 ⇒ { 90 y

- 2xy - y
2=0

g.Ox - Exy - +2=0

⇒ { ( 90
- 2x - y ) - y =D

(90 - Ey -x ) - X =D

We are looking for potential
extremism points in the interior ,
so X > O and y> O.
So the system gives

{ 8%35 ⇒ 13%3%88
with solution CX, y ) = (30,30 ) .

f- (30,30 ) = 30.30 - (90-30-30)=27,000 .

On any point Lxiy ) on the boundary
of the domain of f

,
we have

f- (x, y ) = O .



Hence f ha , a global Max ,
at (30,30)

which is equal to

f-(30,30) = 27,000
.

The product of the three numbers
is maximum when

X = 30 , y
=30

,
2=30

.

• EXTREMA UNDER CONSTRAINTS

SO far we have minimised maximised
functions flxiy ) on their domains .

Sometimes we need to find extreme of

f-Clay ) under some additional constraint
.

E.g .

. we want to find the min
.

and Max .

Of fcxsy ) = X3 - + y t y
'd

under the constraint that

*
2 fyrd = I .

• he went to find the maximum 82 minim.

Of fcxiy ) = Xy +2×25 under the

constraint that
(x - if y

- 202=2
.



In general , we want to find the
extrema of the function fcxiy ) under the
constraint

g. (x, y 1=0 .

THEOREM ( Lagrange ) : Assume that fig have

continuous first - order partial derivatives

and FCX, y ) has an extremism at (Xo , yo )

subject to the constraint gcxoy 0=0 .

If DgCXo, yo ) # 0 then there exists

some T such that

⑥f- (Xo, yo ) = A
g. (Xo , yo ) .

This suggests that when he want to

optimise fcxiy ) subject to the

constraint gcx ,yl=O ,
we have to solve

the system :

{ glxiy 1=0DflXy) =D . glxsy )

The number T is called a

Lagrange multiplier .



Example : Find all extrema of

f- (x , y ) = e
- XY

subject to the constraint xd -145=1 .

• The constraint can be written us

gcxiy ) = O , where

gcxiy ) = X
'
-14 y
'
- L

.

We solve the system

{ gcxiy ) = 0 (* I
f- (XD ) = X T glxiy ) .

Otway ) =K¥e3) , regex'D - ( Eff

e*o⇒f 81%1×1 Father doxy
- X e

-it = 8 ay
- x' e-×Y=8xxy

⇒ I e.xslxextd.si: '



Fay ) = e- xy

⇒ I ¥15: %:/ "#
or "-Be

y = Rg or y=- If .
The system has 4 solutions :

Kiyo -_ freq , req) , freq , -Ba) , free , and free . -Ba) .

We have to find the wolves of fcxiy )
on all these points .

f-( ft , E) = ffrz , - req) = e-
44

f- fire , - req)=ffrE ,
=D"

The maximum value of flxiy )
subject to the constraint 5445=1
is equal to e'14 .

The minimum value of fcxsy ) subject
to the constraint 5+45=1 is

equal to e-214
.



Exercise ; Among all positive numbers
with product equal to 2 ,
find Those whose sum is minimum .

Of course we could say that
Xy = I ⇒ y = #

and the sum of the two numbers is

X ty = x x .

So we need to find the minimum of

h (x) = Kt ¥ , x > 0 .

But instead he use Lagrange multipliers .

We want to minimize

f-(Xy ) = try , Xiy >0

subject to the constraint Xy =3 .

Set

gcxiy ) = Xy - I .


