
First we find the solution mathematically .

( similar to y
-
= Ely- idly +2) )

.

d¥=rN( 2 -¥) ⇒

⑥ ftp.g-trdt ⇒
÷

Nlt) =
k

I + (kg - e) e-
rt

°

We now proceed to the explanation
of the logistic equation as a growth
model

.

for the solution we found ,

lim Nlt) = K
.

b-→ as

K is called the carrying capacity
of the population .



Nlt ) =
z , a) Ert

Graphs of the solution Nlt)
for different willies of No

.
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We see that :
• when No >K

,
the population decreases

asymptotically towards K
.

• when Nock ,
the population increases

towards the value K
.

• when No - K , the population remains
constant and equal to K . ( this corresponds
to the constant solution Nlt)=K of the DE)

• when No -_ O ,
then the population

remains equal to 0 ( there is nothing
to reproduce)

.



Solution of the logistic DE with No o
.

d¥=rN( I - ¥) . The function Nlt ) -_ O
is a constant solution

.

What does the logistic equation

d¥=rN(s - ¥)
imply about the population growth ?

According to it , the per capita
growth rate

drinks = r ( e -I)
is not constant

,
but depends on

the "

density
"

¥ .

To be more specific ,

dN/d§ is proportional to 2
-¥ .

* Pg%w¥heit¥e
dnldt The bigger the "density " is

,T
the smaller the per
capita growth route gets .

-

•
. •

*
Compare and contrast with the

° *
density exponential growth model , where the
d f- per capita growth nite is constant

.

dN/d§=r( I -¥)



• EQUILIBRIA AND STABILITY

The DE for exp . growth d¥=rN ,

the logistic eq . d&=rN( i -¥) ,

the von Bertakennfy DE are all examples
of autonomous Df 's :

IF = gly ) Clt)

consider an autonomous DE of the form CH)
.

We say that the constant function
a

yct ) = y
is a point equilibrium (or simplyequilibrium) of the DE Ce ) if

glyn ) - O .

Example : find the point equilibria of
the DE

yr = eligibly - E ) .

• This is a DE of the form y
's gly )

with gcyj = Ely Ily - 2) .



In order to find the point equilibria
of the DE he solve

gley ) - o ⇐ Ely tilly -2) =D
⇐ y = -1 OR y=2 .

The equilibria are the two functions

y,CtI= - I and yet ) =2 .

REMARK : Here if is only a symbol .

We could have said that the
function

ylt ) = co

is an equilibrium if and only if
glass - O .

Why are these functions called equilibria ?
If we solve the DE y

-
= goys

with initial condition y =3
(where I is an equilibrium)

,
then

we find the constant solution ysyf .

Indeed
,
at time 0 the quantity y is J

and its growth rate is I¥=ghf ) =D



I

Let us return to the logistic equation
TNT = r NG - ¥ ) .

This is an autonomous DE y
's gly )

with

gag , = ry - IK) -

Equilibria :

gLyg=0 ⇒ y
-_ O or y -_ K .

The point equilibria are N=0 and Nsk
.

We have seen that if the initial

population is No =D or No=K ,
then

the population will remain constant
.

Example : Find the equilibria of the DE

y = ly't 1) y .

• gly ) =Cy2t 1) y

gley ) so ⇐ y - O .

So the point equilibrium of the De is

ylt)=0 .



We are interested in the

stability of point equilibria of

the DE y
's guys .

Assume uj is an equilibrium of y's gly ) .
• If gicy ) so ,

then the

equilibrium if is called

locally stable
.

• If qty ) >0 ,
then the equilibrium

if is called unstable .

If yCoty ,
the solution of the DE

will be ylt) =D .

What happens to the solution of the DE
if we change the initial condition to

yw ) = yd to (where 8 is a small number)?

- when the equilibrium J is locally stable
,

the new solution ylt ) will satisfy
fins ylt) = g .

- When the equilibrium 8 is unstable
,

the new solution will not tend
towards J .



Examples : E) Consider the DE IF > ycy -12 ) .

What are the equilibria of this DE ?

Classify them according to stability .

• This is a DE d¥= goys , with

gcy ) = ugly -12 ) .

We find the equilibria :
gly ) so ⇒ ugly -10=0

⇒ yso OR y =-3 .

Equilibria : yzltfo and Yett ) =-3 .

g'Cy ) = ( y ' -1yd's Ey -12 .

g' ( O ) = I > O ,
so YEO is
an unstable point eg.

g't-11=-2 so ,
so ya = -1 is a

locally stable point
equilibrium .



ki ) find the stability of the equilibria of
the Logistic equation

Gt-r NG -¥) .
Explain what stability means for the

population Nlt ) .

• ddN-g-sg.CN ) where GCN ) = RN ( I -¥) .

GCN ) - O # N=O OR Nsk
.

g4Nl=r( e -E) - ring
= r -

ERN

Ts
'

g' lo ) =p > O : N=O is an unstable eq .

g'CK ) = - r co : Nsk is a locally stable eg .

When we perturb the initial condition No -_ O

by a small quantity , the population Nlt)
will not evolve towards the direction of returning
to 0 .

K
-

K
-

No
.IO#n.=g-i------.-.....y



On the contrary ,
if we perturb the

initial condition No=K , the population
will try to return to K

.

•
No

K - K - Kno -

Nosk

A way to think of locally stable
and unstable equilibrium points :

•

1111111111 Htt
. .•.mil//

unstable locally stable

equilibrium equilibrium



The stability of equilibrium points
can also be found graphically .

for the autonomous DE Itf = gly ) :

• We plot the graph of gly )

gags

ar
.Y, 92

• The equilibria of the DE are the

points of intersection of the graph of gly )
with the horizontal axis (solutions of gusto)

In the example above
, they are y=y , 82 ysyz .

• if the function gly ) is increasing
near ya ,

then I is unstable
.

If guys is decreasing near J
,
then

if is locally stable .

In the example , y, is locally stable
while yz is unstable

.

(see Example 3
, page 422) .



• THE ALLEE EFFECT

Some populations have obstacles in reproduction
when their numbers are small , because of
lack of suitable mates .

A growth model that takes this fact onto
account :

TNT = r NIN -a) ( e -¥){ Nco) = No
Q
,
K
,
r 70 : positive constants

O ca e k by assumption

K : the carrying capacity
a : this constant is the treshold value

below which the growth rate becomes

negative .


