
G) = 21,1+539

Exercise . Let A=fg I]
② Find eigenvalues a eigenvectors of A
Lii) Find Aww

,
where v :[I] .

⑦ We have found that A has

eigenvalues a = - 1
, 22=4

with eigenvectors
Xs - f: ) , xz=[of] respectively .

Cii) We analyse V as

✓ = a
, e t q #z .

(This is called a linear combination

of the vectors Ks and He )
.

xnxx.tw -w ⇒ asf:] -143) = ( I]
⇒ e. go.se:S
⇒ 1%3=3%13%1--3159111



So 2
,
= 2 and 42=2 .

Therefore

µ = 2¥ t ¥ .

We now find A'OW
.

How = A' ( E# + Xz )

= 2. to# t A'0*2

= 2-430*2 t 130*2

= 2. C-

13%+420×2=4013) + af:)
egg: .



Exercise : Find the eigenvalues and

eigenvectors of

t.EE :L .

•

delete -Als
'

II :/
-

- croup:3 * to
= (2+042-2112+2) - 3] - (2+2)

= (att) ( 72 -f - 2 - 3 - I)

= 12-17 ) (22-2-6)

= (2+1) -3) (2+2)
.

So de-422 -A) =D ⇒ 2=-1 or 2=3 or 2=-2 .

Eigenvalues of A : Ay = - I , te =3 , 63=-2 .



Eigenvector for Ty
,

= - I :

*⇒ ⇒ to %fE.t.tl
⇒ { Xz

= 0

Xy -1×3=0

So x =L! ) is an eigenvector .

Eigenvector for 22=3 :

Ay⇒y⇒ Is HEHE)
we use Gauss elimination

.

i:÷÷÷÷H%÷÷:÷w÷÷:&
to :÷÷⇒
One eigenvector is y=f§) .



Eigenvector for 23=-2 :

* . -e. ⇒ ÷k¥.tl:D
⇒ % : :*.tl:D

For -22=3 and 2-3=-3
,
we get Z,

= - I
.

So

z=[ Ig) is an eigenvector .



• LESLIE MATRICES REVISITED :

AN APPLICATION OF EIGENVECTORS

AND EIGENVALUES

Recall that if L=f÷§÷÷÷!
is the Leslie matrix of a population , then :
• the females are split into
m age groups

• Fi is the offspring- route of the

j- th age group Cz'=0
,
. . .im - I )

• Pj is the survival rate of the

i- th aye group LI=0
,
. . . ,m -2 ) .

Suppose the Leslie matrix is

↳ to :O: EI
and we start with the population
vector

Nco ) %-) .



We can use the relation

Nlt -17 ) =L Nlt )

to fend successive population vectors .

These are :

1%0%8%9 .ee#.cE:g.czg:j.ps:I . .
. .

Let us look at the successive north
of O- year ads , i.e .

golf ) = NOLI 4=1,2 , . . .

These are ,

Nott -t )
'

3. 5
,
1.55

,
7.00

, 7.599$ , I. 6002 , 1.5997, 2.6001. .

It seems like these ratios converge
to a specific number 1=1.6 ) when t →as

.

What about the corresponding quotients
for the 1- year-olds ? We have the numbers

0.08 , 3.5 , 2.538 ,
1605

,
I . 609

,
I. 604

, .
. .

and it seems that these quotients
converge to the same number

.



We now look at the proportion of
the O- year olds in the total population,
namely

Pott ) = Nott )

NottingCt )
s
7=01,2, . . .

Its wanes are :

0.5
,
0.9777

,
0.9528

,
0.9526

, . . .

and again it looks like these percentages
converge to a- 95.2% .

This means that asymptotically
,

the population will tend to consist of

= 9.5.2010 O- y . o .
and

⇒ 4.8% I - y. o

In other words , these observations

suggest that the population vectors

tend to become multiples of one vector D

for which
[ * = I * (where 3--2.6 )

.

We know that ⑥ is an eigenvector for L .

This vector is called a stable age distribution
vector

.



How do we find the stable age
distribution in general ?

• For L =[f:L, f) as in our example

we find eigenvalues and eigenvectors .

detlef -4=12-25 -2

-0.08 a /
= AH - 1.5 ) - 0.26

= D2 - 2. Sd - 0.26

We solve detest- L ) = O ⇐
22 - 1.82 - 0.26=0

.

D= C- t.sf-4.o.sc = 289

100%2
= { ( 3- ± It ) <

3=85--166
Az =- to = - 0.2

We now find the corresponding
eigenvectors .



• For 21--2.8 :

↳ = # * ⇒ 6%8%18*1=8)
⇒ 0.2 Xz - 2×2=0
⇒ Xy - 20×2=0

* = [220) is an eigenvector .

• for 22=-0.2 :

↳ = -÷ . ⇒ f.%: 1%1=81
⇒ 2. Gyp 1- Zyz = O

⇒ 4 y , + Sys =D .

µy=f?g) is an eigenvector .

Let 's suppose we start studying the population
when NCO ) - 129's) .

We express this vector as a
" linearcombinationof the eigenvectors * and p of L

.



NO ) -4%5=5.130) -11%1=5*-1 .

The population vector Nlt) at time t is

Nlt ) = ht . NCO )

= Lt ( 5 * + y )

= 5 # * t Ep

= 5 ( I. b)to + tasty
.

Because the eigenvalue 71=8/5
is bigger

,
the first term

will u dominate" in the sum

and will describe the asymptotic
behaviour of Nlt)

.



Suppose L is a 2×2 Leslie
matrix with eigenvalues as and Az .

• The larger eigenvalue is
the growth parameter of the

population .
• The eigenvector that corresponds
to the Langer eigenvalue is

a stable age distribution
.

(The same applies for Leslie
matrices of higher dimensions

,

for example 3×3 matrices ) .



4. ANALYTIC GEOMETRY

We have already seen that the

2- dimensional plane can be ^

(x, ,xz )
identified with the set of

×z
. .

- -
. .

. -

i.
Ordered pairs (Xi , Xz ) , xnxx.IR .

!
' 3

X
,

Generally
,
for any n> I we define

BY = { (Xs , Xz , . . . ,Xn ) : Xs,xz , . . n
EIR}

Elements of IR
"

are represented as

h- tuples (Xi , Xz , . . . .tn) or - preferably -
as h- dimensional column vectors

8¥ = §n) = ( x, xz . . . Xn]T

The numbers x. xz , . . .,xnEiR
are called the components or

coordinates of *
.



We have defined vector addition :

+ is
and multiplication of a vector by
us.

:÷÷e÷÷÷l .

For E-dimensional a 3-dimensional vectors
he may represent vector operations geometrically .

Z µ

Yr

÷
.

.
.
.

.
.

E u

→
•

B F-OB
s,

O X O

J
This is no longer possible in x

dimensions greater than 3 .
However

the properties of the operations
remain the same .


