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Problem 1 Find the equation of the tangent line of the graph of the function
f(z) = 2%e” + x, reR

at the point (0, f(0)).

Solution. We have
f/(z) = 2ze™ + 2%e” + 1 = (2 + 2x)e” + 1.

Thus f(0) =0, f/(0) = 1 and the equation of the tangent line of the graph of f at
the point (0, f(0)) is

Problem 2 Find the derivative of the function

g(z) = (1 +Inz)?, z € (0,4+00).

Solution. We have

gd(x)=31+mnz)* (1+Inz)
31+ lnx)z.

X

Problem 3 Let
h(z) = xcosx + z, z €R.

Find the second degree Taylor polynomial of A at the point xq = 0.

Solution We have

h'(z) = cosx — xsinz + 1,

h"(z) = —sinx —sinx — rcosx = —2s8inx — x cos x

therefore h(0) = 0,A'(0) = 2, h”(0) = 0 and the polynomial is

P(z) = h(0) + h;(!O) (x—0)+ h;(!o) (x— 0)? = 22,
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Problem 4 Evaluate the integral

In2
/ ze*dz.
0

Solution We have

In2 In2 In2 In2
/ retdr = / z(e®) dz = [ze”], " — / (x)e*dx
0 0 0
In2
:1n2-eln2—/ e’dx
0

=2In2 — ["]§?

=2In2— (" - 1)

=2In2—1.
Problem 5 Use implicit differentiation to find the equation of the tangent line
of the ellipse
22 2
I A
2 * 4

at its point (—1,/2).

Solution Implicit differentiation gives

2

z* yy'
2

Y2
=1 = = =0 = = ——.
1 T+ 9 Yy

+

For x = —1,y = /2, this gives ¥ = /2. Therefore the tangent line of the ellipse
at the point (—1,/2) is

y—V2=12(x+1) = y=+2r+2V2
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Problem 6 Let f :[0,1] — R be a continuous function such that f(0) = —1
and f(1) = 2. Prove that there exists some xy € (0, 1) such that

(o) = 3.

Solution Consider the function

g:10,1] = R, g(x) = f(x) — 2°.

We see that g is continuous (since it is the difference of two continuous functions)
and also

9(0) = f(0)=—-1<0, g(1)=f(1)-1=1>0.

Therefore by the intermediate value theorem there exists some zo € (0,1) such
that

g(r0) =0 &  f(xm) =13

Problem 7 Find the limit

ooer —1
lim
z—0 ;[2
Solution We use L’Hospital’s rule.
e” — 1 ) 2re”

lim = lim
z—0 2 =0 2 xz—0
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Problem 8 Let
B Inz

T) = —, x > 0.

fla) =2

Find the intervals where f is monotonic and where it is convex and concave. Find
all global and local extrema of f (maxima and minima). What are the asymptotes

of the graph of f7

Solution We have

() = (lnx)'ma;lnx(a:)’ 1 —Iinx
and L
() = (1—Inzx)x x—42x(1 —Inz) _ _3 —jglnx'
Thus
fllx) >0 x<e and fllx) <0 x>e
while
fl(2) >0 2> e and f'(z) <0z <2

This means that f is strictly increasing on (0, e] and strictly decreasing on [e, +00);
it is concave on (0,€%?] and convex on [e*/?, +00). Also f has a global maximum
at © = e, which is equal to f(e) = 1/e. Since lirélJr f(z) = —oo, f has no global
minimum. o

Since the domain of definition of f is (0, +00), the only possible asymptotes of the
graph of f can be at 0 and +o00. We have

Inz Inz 1
lim — = - and lim — = lim — =0,
z—0t r—+00 I r—+00

therefore the asymptotes of the graph of f are x = 0 and y = 0.

Problem 9 Evaluate the integral

o 1
—dz.
/1x3x
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Solution For any 7" > 0 we have

therefore

and

Problem 10 Let h : [0,3] — R be a continuous function. Also let
Fi03 SR, f(z) = hz) + 2% +2,
g:10,3] = R,  g(x)=h(z)+ 3z.

Find the area between the graphs of the functions f and g.

Solution We first need to know whether f(x) is bigger than g(x) or the opposite
is true. We have

f(z) > g(z) & h(z) + 22 +2 > h(z) + 32
S —3r+2>0
Sx—1)(x—2)>0
Sr<lorxz>2

and similarly
f(z) < g(x) & l<z<2.

Therefore the requested area is equal to
1 2 3
| 0@ = g@)ar+ [ (g@) = @)z + [ () = g@))da =

1 2 3
= / (2% — 3z + 2)dx + / (32 — 2* — 2)dz + / (2% — 3z + 2)dx
0 1 2

x> 3x? ! 32 23 2 x> 3x? 3
=|——=—+2 —_— 2 B
R i R B S

—~

Remark: Some students calculated the area between the graphs of f and g and
the lines v = 1,2 = 2 which is equal to 1/6. This answer will also be considered
as correct.



