Maurer-Cartan equation for gentle algebras

Fiorela Rossi Bertone

joint work with M. Miiller, M. J. Redondo, and P. Suarez.

Flash Talks in Representation Theory V



chark = 0, all algebras are finite-dimensional k-algebras

Motivation:
Deformations AN Maurer-Cartan
Elements
Ar = A Kk[t]
AR A— Af f,-ECZ(A)

f(a,b) = fo(a,b) + Yjny fila, D)tT N> dfic+ 550 [fi i1 =0

associative



Deformations

Let Ar := AQx k[t] ~ A[t]
An element o € Aft] is o =ap+ art +---+ apt" +....
Let i € Homyx(A® A, A) and

f(a,b) = fi(a b)t"
The product f : A[t] ® A[t] — A[t] is given by

Flo, B) =Y f(ai, bj)t'™.
iJ

If fo is the original product of A and f is associative, then Ar is a deformation of A.



A L.-algebra is a vector space L:

> Z-graded: L = @,y L,
> /,: ®"L — L linear of degree 2 — n such that

Ih 6 =x(o) I, and

Yo Y (1)U I(0) (k1) & =0,

i+j=n+1 UES,’y,,_,'

Maurer-Cartan elements: f € L! such that

h(F) + Z%/n(f, . f =0



Gentle algebras

A quadratic algebra A =kQ// is gentle if:

1. Q is finite;

2. For each o € @1, there exists at most one arrow 3 with s(3) = t(«) such that
aff € 1, and at most one arrow 7y with t(7y) = s(«) such that ya € . These
relations generate /;

3. For each a € @1, there exists at most one arrow 3 such that a5 ¢ I, and at most
one arrow «y such that ya & I.



Barzdell's complex

B*(A) = (HOmE,E(kAPn, A), (—1)"5"),,20

where AP, is the set of supports of n-concatenations associated to a presentation
(Q,1) of A, E=kQo. B*(A)[1] is a L-algebra.

To find MC elements we only need f € BY(A)[1] = B?(A).
For them we should calculate

In(fh LR} fn)(al’ Oé2, O53)

where (a1, a2, a3) € AP3, to find solutions of the generalized MC equations

FH-Y Y (0 )=

n>2 ji+-+ja=i



Lemma (kL =0)
Let A=kQ// be a gentle algebra and w = (a1, az,a3) € AP3. Then h(fi, )(w) =0
for all f1, >, € BY(A)[1].

Lemma (i = 0)
Let A=kQ// be a gentle algebra and w = (a1, a2, a3) € AP3. If Q has no oriented
cycles and no parallel arrows, then h(f, fo, f3)(w) = 0 for all f1, f, 5 € BY(A)[1].



Proposition (no nilpotent)
Let A= kQ/I be a gentle algebra with quiver

(*) Bb——m7 =6 T GpeeBs
Y 61 g
BN
1 o 2 - 3 o 4,

where w = (a1, ap,a3) € AP3, v/, 9172 and w’ = §1 - - - 5 are nonzero paths. Then,
there exists f € BY(A)[1] such that I,(f,...,f)(w) # 0 for n =2+ 3k, k > 1.



Proposition (no nilpotent)
Let A= kQ/I be a gentle algebra with quiver

(*) Bb——m7 =6 T GpeeBs
v b .
BN
1 o 2 - 3 o 4,

where w = (a1, ap,a3) € AP3, v/, 9172 and w’ = §1 - - - 5 are nonzero paths. Then,
there exists f € BY(A)[1] such that I,(f,...,f)(w) # 0 for n =2+ 3k, k > 1.

Theorem (nilpotent) Let A =kQ// be a gentle algebra. Assume @ has no oriented
cycles and no parallel arrows. If Q does not contain a subquiver of the form (%), then
In(fi,...,fa) =0 forall n>5and f; € BYA)[1],1 <i < n.



Theorem (ly # 0) Let A=kQ// be a gentle algebra. Assume Q has no oriented cycles
and no parallel arrows. If I4(f1, o, 3, f2) # O for some f; € B(A)[1], then @ contains a
subquiver of the form

1 2 3 4

ag a a3

with w = (a1, a2,3) € AP3, f182 #0, €1---€p # 0, and l4(fi, f, f3, fa)(w) # O for
some f; € BY(A)[1],,1 < i< 4.



Theorem (MC elements) Let A =kQ// be a gentle algebra. Assume Q has no oriented
cycles, no parallel arrows, and no subquivers of the form (x). Then f =", fit' is a
MC element if and only if f; is a 2-cocycle for all .



Muchas gracias!!



Examples

B Y

— X\ — X\
Q: 1—->2_,3_ 4
an a3

and the ideal | =< ayap, anas, By >.
Let A=kQ// and
f = (10201 B) + (azasl|a2y) + (Byl|azy + Baz) € B*(A).

Then o
(—1) 2 n! ayBaz, n odd;

/n(f, ey f)(a1,a2,a3) = {0

, n even.



and the ideal | =< ajan, asas, V1V2,ﬁ2(51, B1A1, 0011, 20X, Aodo >. Let A = ]kQ/I and

f = (a1ao||B1P2 + B1frazvian) + (azas||az0102) + (5201 || foczviazdt + A1A2)
+(B1A1]|aarn) + (12A2]|a201).

Then
—n!Blﬂgagz/lag(Sl&z, if 3 divides n;

I(f,...,f)(a1,00,a3) = {

0, otherwise.



More examples

Let A=kQ/! be the string algebra given by the quiver

5#(3
AN
1 o 2 - 3 = 4

with | =< ayaz, axas, \182, B1 A2, B2z, copi, ppA3 >. Set

f = (aa2|[B162) + (Baas||A2A3) + (B1A2]|B1Bap + a1d1X2) + (pAs]|az).

Then, one can check that
Bi(f,. .., f)(o1, a2, a3) = ck ar A1 oAz # 0

for some nonzero ¢, € k.



More examples
Let A=kQ// be the algebra with quiver

5
VN
8
2 3
2

and | = {(aqan, axas, fy1). Let

f = (1azl|Baz + a1m172) + (@2as||117203) + (B71llain) and f3 = (araz|laimi2).
One can check that /,(g1,...,8n)(a1, a2,a3) = 0 for all g € BY(A)[1] and for all

n # 1,3. Moreover, f; is a 2-cocycle and (fj, f;,, fi,) (a1, a2, a3) = 0 except for

1y iy

B(f1, fi, fi)(a1, a2, a3) = 6a1y17203 # 0.

As h(f3)(a1, a2, a3) = ary17203 # 0 we have that f3 is not a 2-cocycle, and
h(f) — 6l3(f1’ fi,fi) =0, hence f = fit + f3t3 is a Maurer-Cartan element.



More examples
Let A=kQ// be the algebra with quiver

5 6
NN
B1
1 2 3
a1 an

and | = (102, azas, Boy1, f1A, AB1). Let

f = (a12||B18202 + a17172) + (23| [v17203) + (B271 ][ Aeay1) + (BrA][e1) + (MG || es)
and 2 = —(ayao||aiy1y2). One can check that /(g1 ..., &n)(w) = 0 for all

g € BY(A)[1], for all w € AP3, and for all n # 1,4. Moreover, f; is a 2-cocycle and
la(fi,, fiy, fis, fi, ) (w) = O except for

la(f1, f1, fi, f1) (01, a2, 03) = —24a1717203 # 0.

Since hi(fa)(a1, a2, a3) = —a1y1720i3 # 0 we have that f3 is not a 2-cocycle and

. 1
f = fit + fat* is a Maurer-Cartan element because 1 (f;) — i/;;(fl, fi,h,h)=0.



