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char k = 0, all algebras are finite-dimensional k-algebras

Motivation:

Deformations Maurer-Cartan
Elements

Af = A⊗k k[t]
f : A⊗ A → Af fi ∈ C 2(A)

f (a, b) = f0(a, b) +
∑

i≥1 fi (a, b)t
i dfk +

1
2

∑
i+j=k [fi , fj ] = 0

associative



Deformations

Let Af := A⊗k k[t] ≃ A[t].
An element α ∈ A[t] is α = a0 + a1t + · · ·+ ant

n + . . . .
Let fi ∈ Homk(A⊗ A,A) and

f (a, b) =
∑

fi (a, b)t
i .

The product f : A[t]⊗ A[t] → A[t] is given by

f (α, β) =
∑
i ,j

f (ai , bj)t
i+j .

If f0 is the original product of A and f is associative, then Af is a deformation of A.



A L∞-algebra is a vector space L:

▶ Z-graded: L = ⊕n∈ZL
n;

▶ ln : ⊗nL → L linear of degree 2− n such that

ln σ̂ = χ(σ) ln and∑
i+j=n+1

∑
σ∈Si,n−i

(−1)i(j−1)χ(σ) lj(li ⊗ Id⊗n−i ) σ̂ = 0.

Maurer-Cartan elements: f ∈ L1 such that

l1(f ) +
∑
n>1

1

n!
ln(f , . . . , f ) = 0.



Gentle algebras

A quadratic algebra A = kQ/I is gentle if:

1. Q is finite;

2. For each α ∈ Q1, there exists at most one arrow β with s(β) = t(α) such that
αβ ∈ I , and at most one arrow γ with t(γ) = s(α) such that γα ∈ I . These
relations generate I ;

3. For each α ∈ Q1, there exists at most one arrow β such that αβ ̸∈ I , and at most
one arrow γ such that γα ̸∈ I .

α ��
•

β
��

γ

??

δ

??



Barzdell’s complex

B∗(A) = (HomE−E (kAPn,A), (−1)nδn)n≥0

where APn is the set of supports of n-concatenations associated to a presentation
(Q, I ) of A, E = kQ0. B

∗(A)[1] is a L∞-algebra.

To find MC elements we only need f ∈ B1(A)[1] = B2(A).
For them we should calculate

ln(f1, . . . , fn)(α1, α2, α3)

where (α1, α2, α3) ∈ AP3, to find solutions of the generalized MC equations

−δ2(fi )−
∑
n≥2

∑
j1+···+jn=i

(−1)
(n+1)n

2
1

n!
ln(fj1 , · · · , fjn) = 0.



Lemma (l2 = 0)
Let A = kQ/I be a gentle algebra and ω = (α1, α2, α3) ∈ AP3. Then l2(f1, f2)(ω) = 0
for all f1, f2 ∈ B1(A)[1].

Lemma (l3 = 0)
Let A = kQ/I be a gentle algebra and ω = (α1, α2, α3) ∈ AP3. If Q has no oriented
cycles and no parallel arrows, then l3(f1, f2, f3)(ω) = 0 for all f1, f2, f3 ∈ B1(A)[1].



Proposition (no nilpotent)
Let A = kQ/I be a gentle algebra with quiver

(⋆) 5
γ2

��

ρ // 6
δ2···δs

��
1 α1

//

v ′

%%
2 α2

//

γ1

@@

3
δ1

@@

α3

// 4,

where ω = (α1, α2, α3) ∈ AP3, v
′, γ1γ2 and w ′ = δ1 · · · δs are nonzero paths. Then,

there exists f ∈ B1(A)[1] such that ln(f , . . . , f )(ω) ̸= 0 for n = 2 + 3k, k ≥ 1.

Theorem (nilpotent) Let A = kQ/I be a gentle algebra. Assume Q has no oriented
cycles and no parallel arrows. If Q does not contain a subquiver of the form (⋆), then
ln(f1, . . . , fn) = 0 for all n ≥ 5 and fi ∈ B1(A)[1], 1 ≤ i ≤ n.



Proposition (no nilpotent)
Let A = kQ/I be a gentle algebra with quiver
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@@
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where ω = (α1, α2, α3) ∈ AP3, v
′, γ1γ2 and w ′ = δ1 · · · δs are nonzero paths. Then,

there exists f ∈ B1(A)[1] such that ln(f , . . . , f )(ω) ̸= 0 for n = 2 + 3k, k ≥ 1.

Theorem (nilpotent) Let A = kQ/I be a gentle algebra. Assume Q has no oriented
cycles and no parallel arrows. If Q does not contain a subquiver of the form (⋆), then
ln(f1, . . . , fn) = 0 for all n ≥ 5 and fi ∈ B1(A)[1], 1 ≤ i ≤ n.



Theorem (l4 ̸= 0) Let A = kQ/I be a gentle algebra. Assume Q has no oriented cycles
and no parallel arrows. If l4(f1, f2, f3, f4) ̸= 0 for some fi ∈ B1(A)[1], then Q contains a
subquiver of the form

(⋄) 5
β2

��

λ // 6 ϵ2···ϵp

!!
1 α1

//

β1

@@

2 α2

//

ϵ1

@@

3 α3

// 4

with ω = (α1, α2, α3) ∈ AP3, β1β2 ̸= 0, ϵ1 · · · ϵp ̸= 0, and l4(f1, f2, f3, f4)(ω) ̸= 0 for
some fi ∈ B1(A)[1], , 1 ≤ i ≤ 4.



Theorem (MC elements) Let A = kQ/I be a gentle algebra. Assume Q has no oriented
cycles, no parallel arrows, and no subquivers of the form (⋆). Then f =

∑m
i=1 fi t

i is a
MC element if and only if fi is a 2-cocycle for all i .



Muchas gracias!!



Examples

Q : 1 α1

// 2
β
((

α2

66 3
γ
((

α3

66 4

and the ideal I =< α1α2, α2α3, βγ >.

Let A = kQ/I and

f = (α1α2||α1β) + (α2α3||α2γ) + (βγ||α2γ + βα3) ∈ B2(A).

Then

ln(f , . . . , f )(α1, α2, α3) =

{
(−1)

n−1
2 n! α1βα3, n odd;

0, n even.



Q : 7
λ2

��
5

λ1

OO

β2

��

6
δ2

��
1 α1

//

β1

@@

2

ν2

BB

α2

// 3

δ1

OO

α3

// 4

ν1

aa

and the ideal I =< α1α2, α2α3, ν1ν2, β2δ1, β1λ1, δ2ν1, ν2λ2, λ2δ2 >. Let A = kQ/I and

f = (α1α2||β1β2 + β1β2α3ν1α2) + (α2α3||α2δ1δ2) + (β2δ1||β2α3ν1α2δ1 + λ1λ2)

+(β1λ1||α1ν2) + (ν2λ2||α2δ1).

Then

ln(f , . . . , f )(α1, α2, α3) =

{
−n!β1β2α3ν1α2δ1δ2, if 3 divides n;

0, otherwise.



More examples

Let A = kQ/I be the string algebra given by the quiver

5
β2

��

λ2 // 6

λ3

��
1

β1

@@

α1

// 2

λ1

OO

α2

// 3 α3

//

µ
@@

4

with I =< α1α2, α2α3, λ1β2, β1λ2, β2α3, α2µ, µλ3 >. Set

f = (α1α2||β1β2) + (β2α3||λ2λ3) + (β1λ2||β1β2µ+ α1λ1λ2) + (µλ3||α3).

Then, one can check that

l3k(f , . . . , f )(α1, α2, α3) = ck α1λ1λ2λ3 ̸= 0

for some nonzero ck ∈ k.



More examples

Let A = kQ/I be the algebra with quiver

5
γ2

��
1

β //
α1

// 2 α2

//

γ1

@@

3 α3

// 4,

and I = ⟨α1α2, α2α3, βγ1⟩. Let
f1 = (α1α2||βα2 + α1γ1γ2) + (α2α3||γ1γ2α3) + (βγ1||α1γ1) and f3 = (α1α2||α1γ1γ2).
One can check that ln(g1, . . . , gn)(α1, α2, α3) = 0 for all gj ∈ B1(A)[1] and for all
n ̸= 1, 3. Moreover, f1 is a 2-cocycle and l3(fi1 , fi2 , fi3)(α1, α2, α3) = 0 except for

l3(f1, f1, f1)(α1, α2, α3) = 6α1γ1γ2α3 ̸= 0.

As l1(f3)(α1, α2, α3) = α1γ1γ2α3 ̸= 0 we have that f3 is not a 2-cocycle, and

l1(f3)−
1

6
l3(f1, f1, f1) = 0, hence f = f1t + f3t

3 is a Maurer-Cartan element.



More examples
Let A = kQ/I be the algebra with quiver

5
β2

��

λ

��

6
γ2

��
1

β1

HH

α1

// 2 α2

//

γ1

@@

3 α3

// 4,

and I = ⟨α1α2, α2α3, β2γ1, β1λ, λβ1⟩. Let
f1 = (α1α2||β1β2α2+α1γ1γ2)+(α2α3||γ1γ2α3)+(β2γ1||λα1γ1)+(β1λ||e1)+(λβ1||e5)
and f4 = −(α1α2||α1γ1γ2). One can check that ln(g1, . . . , gn)(ω) = 0 for all
gj ∈ B1(A)[1], for all ω ∈ AP3, and for all n ̸= 1, 4. Moreover, f1 is a 2-cocycle and
l4(fi1 , fi2 , fi3 , fi4)(ω) = 0 except for

l4(f1, f1, f1, f1)(α1, α2, α3) = −24α1γ1γ2α3 ̸= 0.

Since l1(f4)(α1, α2, α3) = −α1γ1γ2α3 ̸= 0 we have that f4 is not a 2-cocycle and

f = f1t + f4t
4 is a Maurer-Cartan element because l1(f4)−

1

24
l4(f1, f1, f1, f1) = 0.


